Abstract-Applications that use sparse representation are many and include compression, regularization in inverse problems, feature extraction, and more. Recent activity in this field has concentrated mainly on the study of pursuit algorithms that decompose signals with respect to a given dictionary. The K-SVD algorithm is an iterative method that alternates between sparse coding of the examples based on the current dictionary and a process of updating the dictionary atoms to better fit the data. However, the existing K-SVD algorithm is employed to a single feature space meaning that the pursuit algorithms are assigned to the given subspace definitely. The work proposed in this paper provides a novel adaptive way to adapting dictionaries in order to achieve the dual subspace sparse signal representations, the update of the dictionary is combined with a rank symmetrical relationship of the proposed dual subspace by incorporated a new mechanism of matrix transform, which is called dual K-SVD. Experimental results conducted on the ORL and Yale face databases demonstrate the effectiveness of the proposed method.
I. INTRODUCTION
In recent years, subspace-based approaches have been widely studied as a viable solution to the challenging problem of face recognition across lighting conditions, facial poses and facial expressions, etc. Most traditional algorithms, such as traditional principal component analysis (PCA) [1] [2] [3] and linear discriminant analysis (LDA) [4] [5] [6] [7] [8] [9] put an image object as a 1-D vector. However, for high-dimensional problem such as face identification, the traditional LDA still suffers from the small sample size (SSS) problem or "undersampled" problem which arises whenever the number of samples is smaller than the dimensionality of the samples [10] . In the past, many LDA approaches have been developed to deal with this problem. Briefly, there are four major extensions: pseudoinverse LDA (PLDA) [11] , regularized LDA (R-LDA) [12] [13] [14] , LDA/GSVD [15] [16] and twostage LDA [17] [18] . Among these LDA methods, a very popular technique usually called PCA plus LDA that belongs to the two-stage LDA is most frequently used. In this method, the PCA is first used for dimensionality reduction before the application of LDA, as it was done for the example in Fisherfaces [19] or in EFM [20] . Actually, it has been proved that the null space of w S contains the most discriminant information when an SSS problem occurs. Based on this fact, Chen et al. [21] presented the null space LDA (NLDA) method, which only extracts the discriminatory information present in the null space of the w S . Yu [22] proposed a direct-LDA (D-LDA) method, which takes the range space of the between-class scatter matrix as the intermediate subspace.
Yang [17] proposed a complete LDA (C-LDA) framework, which searches the discriminant vectors both in the range space and in the null space of w S . The random subspace [23] [24] is an efficient technique to overcome the SSS problem, in which the dimensionality of the training data is reduced by random sampling on the facial features. On the basis of random subspace, Zhang [25] proposed a dual principal random discriminant analysis (RDA) algorithm, which combines the advantages of Fisherface and D-LDA. As discussed above, it is observed that those classical subspace-based decomposition techniques were just carried out on the only one principal subspace from the within-class or between-class scatter matrix, which leads to a loss of some significant disciminant information in the high dimensional facial space since some potential subspaces are complementary in terms of the discriminative power. Recently, Song [26] presented a novel fuzzy supervised learning method with dynamical parameter estimation for discriminant analysis. By this means, it dynamical achieves the distribution information of each sample of images that represented with fuzzy membership degree.
Moreover, sparse signal representations using overcomplete dictionaries are used in a variety of fields such as pattern recognition, image and video coding [27] [28] . Over-completeness of a set means that it has more members than the dimensionality of the members. Given an over-complete set of basis signals, called the dictionary, the goal is to express input signals as sparse linear combinations of the dictionary members. The advantage of over-completeness of a dictionary is its robustness in case of noisy or degraded signals. Also, it introduces greater variety of shapes in the dictionary, thus leading to sparser representations of a variety of input signals. Extraction of the sparsest representation is a hard problem that has been extensively investigated in the past few years. The K-SVD algorithm is an iterative method that alternates between sparse coding of the examples based on the current dictionary and a process of updating the dictionary atoms to better fit the data. However, the existing K-SVD algorithm [29] [30] is employed to a single feature space meaning that the pursuit algorithms are assigned to the given subspace definitely.
In this paper, the objective of our study is to establish a dual adaptive K-SVD algorithm, which is based on a rank symmetrical relationship to solve supervised dimensionality reduction problem by unfolding the feature vectors along different projection directions. The work proposed in this paper provides a novel adaptive way to adapting dictionaries in order to achieve the dual subspace sparse signal representations, the update of the dictionary is combined with a rank symmetrical relationship of the proposed dual subspace by incorporated a new mechanism of matrix transform, which is called dual K-SVD (DK-SVD). Therefore, the DK-SVD approach has the potential to outperform the traditional feature extraction algorithms, especially in the cases of small sample sizes. Experimental results conducted on two face image databases demonstrate the effectiveness of the proposed method.
II. THEORETICAL ANALYSIS ON A NEW DUAL SUBSPACES LEARNING MODEL
Most previous approaches to subspace learning, such as Fisherface, D-LDA and C-LDA, are performed on the only one principal subspace from the within-class or between-class scatter matrix. In this work, we study how to conduct discriminant analysis in high dimensonal space by unfolding the feature vectors along different projection directions. Also, we explore the characteristics of the dual discriminant analysis based algorithm in theoretical aspect.
A. A New Dual Subspaces Learning Model
A M F ∈ is a matrix with m n × dimension in the field of F , and its rank is r .
Then a matrix product can be defined as 0 AB = if and only if , ( ) n n B M F ∈ and its rank is n r − .
Proof: Since , ( )
n n A M F ∈ and its rank is r , by the theory of matrix analysis, a matrix transformation can be attained by two invertible matrices P and Q as follows,
0 r n r r r n r r n r n r
where, , ( ) B QB − = is a concise representation of a dual subspace with a rank symmetrical relationship to A , which is complementary to the original feature space of A . □ As analyzed above, by Theorem 1, we may further deduce the dual subspace learning with respect to the Fisher discriminant analysis.
B. Discussions
As described previously, most existing approaches to subspace learning are performed on the only one principal subspace from the within-class or between-class scatter matrix. Specifically, Fisherface is implemented in the principal subspace of w S , D-LDA is carried out in the principal subspace of b S , C-LDA is conducted by splitting the w S into its null space and its orthogonal complement. Subsequently, Zhang [25] proposed a RDA algorithm which combines the advantages of Fisherface and D-LDA. In this method, Fisherface and D-LDA are respectively applied to the two principal subspaces of w S and b S for simultaneous discriminant analysis. However, due to the defects of Fisherface and D-LDA, some potential and valuable discriminatory information is also lost in the space of w S and b S . Also, the computational complexities of Fisherface [19] , R-LDA [12] [13] [14] , D-LDA [22] , C-LDA [17] and the proposed dual discriminant analysis are listed in the Table 1 . 
Obviously, the computation requirement of Fisherface increase cubically with the increase of the training sample size M , while the complexity of R-LDA depends on the sample size M and data dimensionality d , therefore, for high-dimensional data where d is larger than M . Moreover, the computation requirement of D-LDA does with the increase of the number of classes C and the computation scales of C-LDA and the proposed dual discriminant analysis depend on the number of reduced subspaces. As analyzed above, although the proposed algorithm can be more effective than other ones for classification, it needs more CPU time for whole process because it costs computation using more feature vectors.
III. THE K-SVD ALGORITHM
A different update rule for the dictionary can be proposed, in which the atoms (i.e., columns) in dictionary are handled sequentially. This leads to the K-SVD algorithm, as developed by Aharon et al [29] [30] . Keeping all the columns fixed apart from the j 0 -th one, 
IV. DUAL ADAPTIVE K-SVD ALGORITHM
In this section, the detailed algorithm of dual adaptive K-SVD is described as follows:
Step1. Use PCA to transform the input space R n into an m-dimensional space R Step3. Since , ( ) Step4. Work out the between-class scatter matrix b S 's orthogonal eigenvectors 1 2 , , , n ϑ ϑ ϑ , suppose the first l ones are corresponding to positive eigenvalues. Step5. Since , ( )
and its rank is d , we may also obtain another dual matrix
, where, the rank of Step6. Let Step7. Apply K-SVD algorithm to update the dictionary atom of feature extractor ϕ , and the corresponding coefficients in the dual sparse representations can be obtained.
V. EXPERIMENTAL RESULTS
The proposed method is used for face recognition and tested on the ORL [31] and Yale [32] face image database. To evaluate the proposed method properly, we also include experimental result for the D-LDA [22] , C-LDA [17] , LPP [33] , NPE [34] . For its simplicity, the k nearest neighbor (k-NN) [35] classifier with Euclidean distance is employed for the classification. The parameter of k-NN is fixed as 3 k = .
A. On ORL Database
The ORL contains a set of faces taken between April 1992 and April 1994 at the Olivetti Research Laboratory in Cambridge. It contains 40 distinct persons with 10 images per subject. The images were taken at different time instances, with varying lighting conditions, facial expressions, and facial details. All persons are in the upright, frontal position, with tolerance for some side movement. In this experiment, each image is normalized and presented by a 23 28 × pixel array whose gray levels ranged between 0 and 255. Some sample images from the ORL database are shown in Figure 1 . We randomly choose ( 3, 4, 5) θ θ = images per individual for training, and the rest images are used for testing. To make full use of the available data and to evaluate the generalization power of algorithms more accurately, ten experiments were performed. The final result was the average recognition rate over the ten random training sets.
Table1 shows the average recognition accuracies of D-LDA, C-LDA, LPP, NPE and the proposed method under a varying number of the training samples per individual on the ORL face image database. As shown in Table 2 , it is therefore reasonable to believe that the proposed method is the most effective one no matter what kind of kernel function is employed. 
B. On Yale Database
The Yale face image database contains 165 grayscale images of 15 individuals. There are 11 images per subject, one per different facial expression or configuration. We manually crop the facial portion of each face image. The each cropped face is resized to 40 50 × pixels. Some sample images from the Yale database are shown in Figure 2 . We randomly choose the former 5 images per individual for training, and the rest images are used for testing. Similarly, ten experiments were performed to obtain the average recognition rate. Table 2 presents the recognition accuracies of D-LDA, C-LDA, LPP, NPE and the proposed method. For all methods, the corresponding dimensionality of the reduced subspace is also given in Table 3 . Again, the recognition accuracy of each method listed in Table 3 indicates that the proposed method is still the most effective one among the other traditional approaches. However, it is worth stressing that the proposed method needs more CPU time for whole process (i.e. dual space for K-SVD) because it costs more computation for classification.
VI. CONCLUSIONS
In this paper, we presented a novel dual K-SVD algorithm based on a rank symmetrical relationship to accomplish the mission of feature extraction and recognition. In particular, it is worth stressing that the method which is developed in the feature extraction approach revealed more robust characteristics as far as the relationship between the potential subspaces of scatter matrices and the novel mechanism of rank symmetrical relationship is concerned. The reason why the presented method yields a better performance can be attributed to the fact that the proposed DK-SVD can efficiently manage the sparse representations of different face subspaces being degraded by poor illumination component.
